A lot of scientific literature in the world is devoted to the returns-to-scale (RTS) evaluation of production units. Kerstens and Vanden Eeckaut were the first who considered the notion and evaluation of RTS for nonconvex Free Disposal Hull (FDH) models. Their methods are based on the comparison of the radial efficiency scores of a production unit in the FDH model and the corresponding non-increasing and non-decreasing RTS reference models. At the same time Cesaroni, Kerstens and Van de Woestyne noted the absence of papers in the world literature devoted to methods of frontier visualization in nonconvex models. In this paper, we developed methods for visualization of production function of nonconvex models and of the corresponding non-increasing and non-decreasing models. Our approach of frontier visualization can be used for decision making based on nonconvex models, it allows us to evaluate RTS for FDH models. Our results are confirmed by computational experiments in applications with real-life data sets.
Introduction
There is a lot of scientific literature in the world devoted to the returns-to-scale (RTS) evaluation of production units. Data Envelopment Analysis (DEA) models and Free Disposal Hull (FDH) models appeared almost simultaneously in papers [1, 3, 4] , respectively, for performance management in complex systems. In DEA models, the production possibility set is a convex set. For this reason, solution methods and software have been widely used for modeling and computations of various indicators of unit's behavior, including such an important indicator as RTS. On the contrary, the production possibility set of FDH models is a non-convex set, for this reason, the development of these models was refrained. Apparently, Kerstens and Vanden Eeckaut [7] were the first to propose a subtle approach for estimating RTS of production units in FDH models. Their approach is based on the comparison of the input radial efficiency of a unit in the FDH model and the corresponding constant, non-increasing and non-decreasing RTS reference technologies. Such an approach requires solving nonlinear mixed integer optimization problems. In [17] , it was proved that these problems can be rewritten as mixed integer linear problems, at the same time the size of such problems increases significantly, what complicates the solution process by these methods. Soleimani-damaneh et al. [19] proposed enumeration algorithm for estimating RTS in FDH models. Leleu [13, 14] suggested a linear programming approach to the same problem. At the same time, the author noted that the proposed linear programming problems do not have any computational advantages over the nonlinear problems, although the former might be easier to program in real-life applications. There have been three papers [19, 20, 21] that simplify the computations needed to implement the method of Kerstens and Vanden Eeckaut [7] to estimate RTS. Podinovski [16] is the first to indicate that the method of Kerstens and Vanden Eeckaut for estimating global returns to scale for nonconvex technologies is incomplete. Moreover, it was shown in [18] that one must distinguish the fourth type of global sub-constant RTS in addition to the three traditional cases (constant, decreasing and increasing returns to scale). Some works are devoted to visualization of Pareto sets in general optimization problems, see, for example, [15] .
In this paper, we develop an approach for visualization of FDH frontier with increasing and decreasing returns to scale. Our approach allows us to evaluate returns to scale for FDH models, which requires fewer computations than existing methods. This paper is structured as follows. Section 2 provides some basic definitions of the convex and less widely applied nonconvex technologies. Section 3 presents two algorithms of frontier visualization for non-convex models with variable, increasing and decreasing returns to scale with the use of enumeration methods. Then follows Section 4 with some computational results. Section 5 concludes.
Preliminaries
Consider a set of n observation of actual production units (X j , Y j ), j = 1, . . . , n, where the vector of outputs Y j = (y 1j , . . . , y rj ) > 0, j = 1, . . . , n is produced from the vector of inputs X j = (x 1j , . . . , x mj ) > 0, j = 1, . . . , n. The traditional FDH technology described in [4] is written as follows:
where λ j , j = 1, . . . , n are integer variables taking on values 0 or 1.
In addition, we consider the constant, non-increasing, non-decreasing returns-to-scale reference technologies associated with the technology T FDH . They are written as follows.
In order to evaluate RTS in FDH technology the reference technology methods require the evaluation of the input or output radial efficiency scores of a given unit (X o , Y o ) in technology T FDH and/or in some of three technologies (2) . For the sake of being definite, we limit our investigation to the case of input radial efficiency.
The input radial efficiency score 
The evaluation of the input radial efficiency of unit (X o , Y o ) in any of the three associated technologies (2) requires more computational effort. In the paper [7] , the following general model of the mixed integer nonlinear problems was developed for this purpose:
where the set Γ is defined different by depending on the associated technology, in which the evaluation takes place. Actually, for the CRS, NIRS and NDRS technologies, we use
be the input radial efficiency scores of unit (X o , Y o ) in the reference technologies, in other words, equal to the optimal value θ o of problem (4) with the appropriately specified set Γ.
Next, we consider the notion of global RTS (GRS) in the case of FDH technology. Definition 1 (Banker [2] ). Unit (X o , Y o ) is at the most productive scale size (MPSS) if for all units (ϕX o , ψY o ) ∈ T FDH , where ϕ, ψ > 0, the ratio ψ/ϕ ≤ 1.
For verifying whether unit (X o , Y o ) is at MPSS it is necessary to solve the following optimization problem:
According to Definition 1, unit (X o , Y o ) is at MPSS if and only if M * = 1.
It is worthy of note that unit (X o , Y o ) may have more than one SRU. Theorem 1 (Podinovski [16] 
It follows from this theorem, that we can classify the SRUs of the efficient unit (X o , Y o ) into those smaller (ϕ < 1 and ψ < 1) and those larger (ϕ > 1 and
The definition below categorizes all efficient units into the four mutually exclusive types of global returns to scale (GRS) [16, 18] . 
G-DRS if and only if
E i NDRS (X o , Y o ) < E i NIRS (X o , Y o ) ≤ E i FDH (X o , Y o ); 3.
G-IRS if and only if
E i NIRS (X o , Y o ) < E i NDRS (X o , Y o ) ≤ E i FDH (X o , Y o ); 4
. G-SCRS if and only if
As it was remarked above, evaluating input radial efficiency of unit (X o , Y o ) in FDH model requires solving a mixed integer linear problem. On the other hand, evaluating its efficiency in the NIRS and NDRS technologies is the more complicated problem and requires solving mixed integer nonlinear problems.
Below we develop algorithms that allow us to construct sections on the frontier of the FDH model by two-dimensional planes, which allows us to identify the GRS type of an efficient unit (X o , Y o ) without computing its efficiency scores in reference technologies.
Algorithms for Construction of Efficient Frontier for NIRS and NDRS Technologies
In papers [9, 10] , frontier visualization methods were proposed for FDH model based on enumeration and optimization algorithms. In this section, two methods are developed for construction of efficient frontier for NIRS and NDRS models. This approach allows us to evaluate returns to scale in the FDH model without additional solution of two non-linear mixed integer optimization problems for NIRS and NDRS reference technologies.
Consider any unit (X o , Y o ) ∈ T FDH and any two nonzero vectors (directions)
where α and β are scalar parameters. The above plane passes through the point (X o , Y o ) and is spanned by the vectors d 1 and d 2 .
Denote WEff P T FDH the weakly (Pareto) efficient frontier of model FDH. Define the intersection of this frontier with the two-dimensional plane (7) as follows:
Following papers [9, 12] , and by taking different directions d 1 and d 2 , one can construct various sections of the weakly efficient frontier WEff P T FDH [11] . For our purpose (construction of sections of the frontier for NIRS and NDRS technologies) we should choose directions
m+r . Introducing parameters ϕ = 1 + α and ψ = 1 + β, we observe that the plane (7) consists of all points that can be written in the form (X, Y ) = (ϕX o , ψY o ). According to [12] , we call such section Sec(X o , Y o ) generalized production function. The corresponding sections Sec(X o , Y o ) of the NIRS and NDRS technologies can be used to evaluate RTS of the FDH model at every point of the FDH section without additional solutions of nonlinear mixed integer optimization problems. Figure 1 illustrates the work of Algorithm 1. It starts with vertexes
. . , L, generated by one of the algorithms described in [9, 10] . Next, Algorithm 1 finds k 0 , the index of maximal peak of the unit that exhibits maximal production scale size. In this case, k 0 = 9, hence point P 1 = Z 9 is one with a most productive scale size. Then, define a region D 1 where Algorithm 1 finds next points P 2 and P 2 of the two-dimensional section for NIRS technology. Iterations are repeated till the last point is found, in our case point (vertex) P 4 . Proposition 1. Algorithm 1 constructs the generalized production function for NIRS technology for a given unit in a finite number of steps. Figure 2 explains the main principle of Algorithm 2. As distinct from the previous algorithm, Algorithm 2 finds at first an index of minimal peak among points that exhibit maximal productive scale size. According to Fig. 2 , this is point P 1 (Z 7 ). Then the region D 1 is determined, where points P 2 and P 2 are found, and iterations are repeated. Hence, the algorithm moves from right to the left till the last point is found, in our case, this is point P 4 . Proposition 2. Algorithm 2 constructs the generalized production function for NDRS frontier for a given unit in a finite number of steps. Figure 2 . Construction of production function for NDRS technology required 0.0949 s. These figures showed that the time needed for section constructions for NIRS and NDRS models is negligibly small in comparison with a time required for constructions of production functions for FDH model. Figures 3 and 4 present sections of the FDH frontier obtained in the experiments with dataset described above, the sections are constructed for unit 290. Figure 3 shows the whole twodimensional section of the efficient frontier going through unit 290. Figure 4 represents an en- RTS at any point of the curve. It is sufficient to have a look at the figure and to use the results of this paper.
